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74th ESGI 1 INTRODUCTION1 Introdu
tionBA Vidro is a glass 
ontainer industry that produ
es, develops and sells a wide range ofglass 
ontainers for food, beverage, 
osmeti
s and pharma
euti
al 
ompanies. Currently it has�ve fa
tories, equipped with eleven furna
es and thirty seven forming ma
hines as illustrated inFigure 1.
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( ) machines AV20 and VN13 with production only from 1 July 2010*Figure 1: Produ
tion stru
tureThe 
ompany produ
es around 1500 distin
t produ
ts and deals with a very large volume of
ustomer requests, and so it is essential to develop an e�
ient produ
tion planning.Con
erning the produ
tion management, the 
ompany has to deal with several 
hara
ter-isti
s and 
onstraints inherent to its stru
ture and equipment. The manufa
turing pro
ess is
ontinuous, i.e., furna
es operate 
ontinuously seven days a week, ex
ept when they are beingrepaired. Color 
hangeovers in furna
es and 
hangeover of produ
ts in ma
hines lead to a major
ost in produ
tion. For instan
e, when there is a 
hangeover in a ma
hine there is a loss of thedaily produ
tion of 45%, in average, in the 
orresponding ma
hine. Be
ause of the human laborpower s
hedule, there 
annot be 
hangeovers of produ
ts on ma
hines during the weekends andthe holidays. On Fridays, at most one 
hangeover of produ
ts is allowed in ea
h fa
tory, whiletwo of them are allowed during other weekdays (ex
ept for spe
i�
 large ma
hines whi
h 
an notbe 
hanged together with other ma
hines). At a given moment, ea
h ma
hine 
an only produ
eone produ
t and all the ma
hines asso
iated to the same furna
e have to produ
e 
ontainers ofthe same 
olor.Several information is provided (input data), namely, produ
t 
olor and weight, monthlyprodu
t sales fore
ast (12 months sales plan), initial and safety sto
ks, ma
hines e�
ien
y,3



74th ESGI 1 INTRODUCTIONfurna
es 
apa
ity (measured in melted tonnes per day) and daily produ
tion rate of ea
h arti
lein ea
h ma
hine.The produ
tion planning of BA Vidro is very 
omplex sin
e it 
ombines produ
tion planningde
isions (how mu
h to produ
e of ea
h produ
t in ea
h ma
hine for ea
h month) with s
hedulingde
isions in order to satisfy to the maximum number of 
hangeovers in ea
h fa
tory per day.Hen
e, it is a major 
hallenge for the 
ompany to provide a signi�
ant improvement in produ
tionplanning and s
heduling.The management of the sto
k level held by BAVidro is 
ru
ial for the manufa
ture e
onomi
s.Allowing the �u
tuation in the level of sto
ks a

ording to several 
hanges in 
ustomers demand(seasonal variations in demand for glass pa
ked produ
ts lead to 
orresponding variations indemand for many types of glass 
ontainers), it 
ould maintain a better level of produ
tion.However, this 
ompany and other fa
tories in general are 
onstrained in the size of sto
ks thatthey 
an hold.In summary, there are three main aspe
ts to 
onsider,(i) maintain 
ustomer satisfa
tion, i.e., satisfy 
ustomer demand and ful�ll delivery deadlines;(ii) optimize the 
apa
ity, maintaining produ
tion lines operating at its maximum level;(iii) redu
e the sto
ks.The 
ru
ial question is: satisfying as mu
h as possible 
onditions (i) and (ii), how 
an 
ondition(iii) be improved? The 
ompany BA Vidro would like to �nd an e�
ient way to develop theprodu
tion planning and s
heduling, in order to redu
e the 
osts resulting from storage.Question presented by BA Vidro:What is the optimal sto
k level (measured in produ
tion days 1) for the 
urrent
ompany's Sales Plan? This problem leads to these three sub questions:
• What is the optimal produ
tion bat
h for the 
urrent mix of the annual SalesPlan?1Produ
tion days are (average sto
k of last 12 months/produ
tion of the last 12 months) × 365.4



74th ESGI 1 INTRODUCTION
• How many job 
hanges should the 
urrent sales plan require 
onsidering theexisting Produ
tion Stru
ture?
• What is the number of manufa
turing 
hanges appropriate to the relationshipbetween �produ
tive stru
ture vs. the 
urrent mix of BA Sales Plan�?Produ
tion planning problems have been intensively studied during the last de
ades. Severalsurveys on the subje
t with problem 
lassi�
ations have been proposed (e.g. [12, 13℄). Integra-tion of lotsizing with s
heduling de
isions has also been 
onsidered for de
ades (see [10℄). Theapproa
h of solving produ
tion planning problems using mixed integer programming is morere
ent and a detailed and very 
omplete survey 
an be found in [13℄.In the glass industry, produ
tion planning and s
heduling problems have also re
eived a lotof attention in re
ent years. Due to its 
omplexity, the system is de
omposed into a two-levelhierar
hy planning stru
ture: long-term and short-term levels. In [1℄ are explored extensionsof lotsizing and s
heduling problems that appear in both levels. The short-term produ
tionplanning and s
heduling problem 
oming from the glass 
ontainer industry have been treatedwith several approa
hes, see e.g. [5, 8, 14, 15℄. A variant of the variable neighborhood sear
h(VNS) is introdu
ed in [3℄ to ta
kle the produ
tion planning and s
heduling problem that arisesat the long-term planning level of the glass 
ontainer industry. A single ma
hine multi-produ
t
apa
itated lotsizing with sequen
e-dependent startup times and 
osts is 
onsidered in [2℄. Amodel for the single ma
hine 
apa
itated lotsizing and s
heduling problem (CLSP) with sequen
edependent startup times and startup 
osts is developed in [11℄, in
orporating all the usual featuresof startup 
arryovers. In [4℄ a new set of 
onstraints is added to the model to provide an exa
tformulation for this problem. The glass 
ontainer industry produ
tion planning and s
hedulingproblem is also studied in [6℄.This report is organized as follows. In Se
tion 2 an approa
h based on the de
omposition ofthe problem into two related problem (the lotsizing and the s
heduling problems) is proposed.The mathemati
al models are left to the Appendix. In Se
tion 3 a summary of the results isgiven. Finally, we state some 
on
lusions and re
ommendations in Se
tion 4.5



74th ESGI 2 LOTSIZING AND SCHEDULING APPROACH2 Lotsizing and S
heduling Approa
hThe problem presented by BA Vidro in
ludes both medium-term and long-term de
isionssu
h as the number of produ
tion days of ea
h produ
t in ea
h ma
hine on ea
h month, duringone year, as well as short-term de
isions su
h as the produ
tion s
heduling taking into a

ountthe startups. Given the size of the problem (with more than one thousand produ
ts) and thelong time horizon 
onsidered (one year), solving to optimality the lotsizing and the s
hedulingproblems simultaneously seems an unrea
hable task. The 
lassi
al approa
h 
onsiders separatelythese two problems: the lotsizing problem to establish the produ
tion plan and the s
hedulingproblem to obtain the produ
tion sequen
e for ea
h ma
hine. The output of the lotsizing modelis input of the s
heduling problems (one for ea
h fa
tory and ea
h month). The s
hedulingproblem aims to �nd a produ
tion plan s
heduling for a month in a given fa
tory in order tosatisfy startup 
onstraints. If the startup 
onstraints 
an not be satis�ed, that information ispassed to the lotsizing model whi
h 
an be solved again 
onsidering a tighter bound on themaximum number of startups allowed in that fa
tory.In the next subse
tions a detailed des
ription of ea
h problem is presented. We introdu
e thefollowing de�nitions:
• A ma
hine is setup for an item i if the ma
hine is prepared to produ
e that item.
• There is a startup in a given period when the ma
hine is setup for an item in that periodand was not setup for that item in the previous period.
• The ba
klog is the demand that is satis�ed with delay.2.1 Lotsizing problemGiven the physi
al produ
tive stru
ture of the 
ompany, the lotsizing problem 
onsidered
onsists in establishing the annual produ
tion plan in order to minimize the sto
k level, whilesatisfying the demands.In the lotsizing problem there are several elements to 
onsider, namely, the time horizon,inputs, 
onstraints, de
isions, that we enumerate next.6



74th ESGI 2 LOTSIZING AND SCHEDULING APPROACHTime horizon
− Ea
h time period is one month;
− The time horizon is one year.Input
− Set of fa
tories;
− Set of furna
es;
− Set of ma
hines;
− Produ
tion rates for ea
h produ
t in ea
h ma
hine;
− Demands;
− Safety sto
ks;
− Initial sto
ks.Constraints
− Satisfy the demand of ea
h produ
t in ea
h month;
− Maintain the safety sto
k of ea
h produ
t in ea
h month;
− Establish a 
orresponden
e between the 
olor of ea
h furna
e and the 
olor of the produ
tsto produ
e;
− Ensure that the produ
tion is not interrupted neither in ma
hines nor in furna
es;
− Assure that the maximum number of startups per fa
tory is not ex
eeded.De
isions
− Number of produ
tion days of ea
h 
olor on ea
h furna
e in ea
h month;
− Number of produ
tion days of ea
h produ
t on ea
h ma
hine in ea
h month;
− Number of startups on ea
h ma
hine in ea
h month.7



74th ESGI 2 LOTSIZING AND SCHEDULING APPROACHThe mathemati
al formulation of the 
orresponding problem is des
ribed in Appendix A.1.Sin
e it is assumed that the 
olor 
hangeover time in the furna
es do not depend on thesequen
e of the 
olor and the startup of the ma
hines do not depend on the sequen
e of produ
ts,a new model with less variables is proposed. In this new model the sequen
e of produ
ts (inthe ma
hine) and the sequen
e of 
olors (in the furna
es) is not 
onsidered, only the number ofstartups is 
ounted. The mathemati
al formulation is des
ribed in Appendix A.2.2.2 S
heduling on ea
h fa
toryThe input of the s
heduling problem is given by the produ
tion plan obtained from a solutionof the lotsizing problem. For ea
h fa
tory and for ea
h month, the s
heduling problem is todetermine the sequen
e of 
olors and the sequen
e of tasks (or starting time of ea
h task) insidethe 
orresponding 
olor in order to meet the produ
tion plan.As in the previous problem, we present a list of elements to 
onsider.Time horizon
− The time unit is the day;
− The time horizon is one month.Input
− Set of furna
es;
− Set of ma
hines;
− Number of produ
tion days of ea
h 
olor on ea
h furna
e;
− Number of produ
tion days of ea
h produ
t on ea
h ma
hine;
− Initial 
olor of ea
h furna
e.Constraints
− Ensure that the number of allowed startups (that depends on the day of the week and thema
hine features) is not ex
eeded; 8
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− Assure that ea
h 
olor/item pro
essing period is 
ompleted;
− Allow only one startup for ea
h one of the 
olors/produ
ts to be pro
essed on ea
h fur-na
e/ma
hine;
− Establish a 
orresponden
e between ma
hine setups and produ
t 
hangeovers.De
isions
− Sequen
e of 
olors for ea
h furna
e;
− Sequen
e of produ
ts for ea
h ma
hine.The model used prevents solutions that do not satisfy the maximum number of startupsper day by penalizing the additional startups. The mathemati
al formulation of the problem ispresented in Appendix B.2.3 Problem solvingIn order to solve ea
h problem the 
ommer
ial software Xpress [9℄ was used. This softwarerequires a mathemati
al model of the problem and the data input (see Figure 2).

Solver

Math Model

Data Input SolutionFigure 2: SolverThe mathemati
al models used 
an be found in the appendix.First the lotsizing problem is solved. This model does not take into a

ount the s
hedule ofthe produ
tion in ea
h ma
hine. Considering the produ
tion plan, the s
heduling problem 
an besolved for ea
h fa
tory on ea
h month. By using the s
heduling model either a feasible s
hedule (as
hedule satisfying the startup requirements) is found or information for the additional startupsper day is obtained. In this last 
ase that information 
an be used in the �rst model by restri
ting9



74th ESGI 3 RESULTSfurther the number of startups in the fa
tories where the s
heduling problem found no feasiblesolution (see Figure 3).
Lotsizing

Scheduling

For each month
and each factory:

Production of
each machine

Colors of each
furnace

Feasible
scheduling
if one exists

Factories where
the number of
allowed setups
per month must
decreaseFigure 3: Lotsizing versus S
heduling3 ResultsUsing the strategy presented in Se
tion 2, the lotsizing problem has been solved. It waspossible to show that the 
ompany has no 
apa
ity to satisfy all the fore
asted demand, evenignoring some relevant 
onstraints su
h as the furna
es 
apa
ity and the maximum number ofsetups per fa
tory in ea
h month and that there is no loss of produ
tion with ma
hine startupsand 
olor 
hangeovers. In that 
ase more than 20000 tonnes of produ
ts were not possible tosatisfy.Next we present the results obtained when 
onsidering the s
enario where we assume:(i) the goal is to minimize the average sto
k level;(ii) the number of setups per period at ea
h fa
tory should be lower than twi
e the number ofworking days in that period;(iii) ma
hines should not stop operating;(iv) there is no loss on the furna
e produ
tion 
apa
ity with 
olor 
hangeovers.The results obtained using the model presented in Appendix A.2 for this s
enario are sum-marize in Table 1. 10



74th ESGI 3 RESULTSSto
k (measured in number of produ
tion days) 64,3Initial sto
k (tonnes) 216.216Final sto
k (tonnes) 155.416Average monthly sto
k (tonnes) 139.730Unsatis�ed demand (tonnes) 107.728Total produ
tion (tonnes) 793.216Number of startups 1798Table 1: Summary of results

Figure 4: Number of startups in Fa
tory 1
One 
an easily observe that the number of startups is very high (in order to minimize thesto
k level). In parti
ular, the number of startups in Fa
tory 4 is too high sin
e this fa
tory hasonly three ma
hines. Hen
e there is a very high number of startups per ma
hine on this fa
tory.A future dire
tion to obtain more interesting solutions 
ould be to restri
t the number of allowedstartups on ea
h fa
tory a

ordingly to the number of ma
hines. Also additional informationon the 
olor 
hangeovers 
ould be provided and the number of 
olor 
hangeovers 
ould also berestri
ted. 11
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Figure 5: Number of startups in Fa
tory 2

Figure 6: Number of startups in Fa
tory 34 Con
lusions and Re
ommendationsThe problem presented by BA Vidro is a Lotsizing and S
heduling problem 
ommon to many
ompanies in Portugal and around the world. This type of problems has been intensively studied12
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Figure 7: Number of startups in Fa
tory 4

Figure 8: Number of startups in Fa
tory 5(by 
ompanies and resear
h teams) in the past and, in parti
ular, during the last de
ade. BAVidro is a very interesting example of that by having a PhD thesis based on their produ
tion13



74th ESGI 4 CONCLUSIONS AND RECOMMENDATIONSplanning problems (see [1℄). However, only re
ent spe
ialized software has been able to providean e�e
tive help to 
ompanies in their produ
tion planning a
tivity. This help is usually limitedsin
e it is impossible to 
over all real 
onstraints in a model required by a software pa
kage. Also,the huge 
omplexity of the problem restri
ts the set of possible approa
hes to solve the problem,for instan
e, by for
ing to 
onsider the two problems (lotsizing and s
heduling) separately or to
onsider shortest time horizons.Given the large e
onomi
 relevan
e of the 
urrent produ
tion planning problems and thein
rease of their 
omplexity by the expansion of the 
ompany during the last years, it would beadvised that the 
ompany 
ould maintain a permanent e�ort on improving their te
hniques tosolve these produ
tion planning problems. Two dire
tions for improvement 
an be easily stated.One is to improve the mathemati
al models provided in this report by progressively in
orporatingother main 
onstraints of the 
ompany. Another dire
tion is to 
onsider intermediate planninghorizons and to develop spe
ialized software (or develop models) that integrates the two typesof de
isions. In both dire
tions, from the models developed the 
ompany 
an have feedba
k onwhi
h 
onstraints (te
hnologi
al and human workfor
e) have greater e
onomi
 impa
t on theplanning pro
ess. This modeling e�ort requires a deep 
ommitment of the de
ision makers of the
ompanies. Their expertise is 
ru
ial for the permanent improvement of the te
hniques used.

14



74th ESGI A LOTSIZING PROBLEM
Appendix: Mathemati
al FormulationsA Lotsizing ProblemA.1 Lotsizing: 
hangeoversIn this se
tion we state the model formulation for the annual produ
tion plan des
ribed inSe
tion 2.1, using the month as the time unit.In order to formalize the produ
tion planning model we introdu
e the following notation.Sets

P set of produ
ts
L set of 
olors
Pu set of produ
ts with 
olor u
G set of fa
tories
F set of furna
es
K set of ma
hines
Kg set of ma
hines fed on fa
tory g

Kf set of ma
hines fed by furna
e f

K3 set of large s
ale ma
hines for whi
h only one 
hangeover is admissible per day
T set of periodsIndi
es
i, j produ
t, i, j ∈ P

u, v produ
t 
olor, u, v ∈ L

g fa
tory, g ∈ G

f furna
e, f ∈ F

k ma
hine, k ∈ K

t period, t ∈ T 15



74th ESGI A LOTSIZING PROBLEMParameters
pki produ
ing rate of produ
t i on ma
hine k (tonnes per day)
ηk e�
ien
y of ma
hine k

efuv wasted melted glass to setup furna
e f from 
olor u to 
olor v (tonnes)
dti demand for produ
t i at the end of period t (tonnes)
cft 
apa
ity of furna
e f in period t (tonnes)
sti safety sto
k of produ
t i at the end of period t (tonnes)

ndt number of days in period t

nwdt number of working days in period t (Monday through Friday)De
ision variables
xkti number of produ
tion days of produ
t i on ma
hine k in period t

γkti produ
tion of produ
t i on ma
hine k in period t (tonnes)
sti sto
k of produ
t i at the end of period t (tonnes)
rti ba
klog of produ
t i at the end of period t (tonnes)

αft
u







1 if the furna
e f is setup for 
olor u at the beginning of period t

0 otherwise
wft
uv







1 if a startup 
hange o

urs on furna
e f from 
olor u to 
olor v (6= u) in period t

0 otherwise
ℓftu auxiliary variable to avoid sub
ir
uits in the sequen
e of 
olors on furna
e fin period t

zftu number of days that glass of 
olor u is melted in furna
e f in period t

ykti







1 if ma
hine k is setup for produ
t i in period t

0 otherwiseUsing the above notation, a mixed integer programming problem to establish the annualprodu
tion plan in order to minimize the sto
k level, 
an be formulated as follows.
16
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Minimize ∑

i∈P

∑

t∈T

sti (A.1)subje
t to sti − rti = s
(t−1)
i − r

(t−1)
i +

∑

k∈K

γkt
i − dti i ∈ P, t ∈ T (A.2)

∑

k∈Kf

∑

i∈P

(

γkt
i /ηk + 0.45ykti pki

)

+
∑

u∈L

∑

v∈L\{u}

efuvw
ft
uv ≤ cft f ∈ F, t ∈ T (A.3)

γkt
i ≤ xkt

i pki η
k − 0.45ykti pki η

k i ∈ P, t ∈ T, k ∈ K (A.4)
∑

i∈Pu

xkt
i = zftu

u ∈ L, f ∈ F

k ∈ Kf , t ∈ T

(A.5)
xkt
i ≤ ndty

kt
i i ∈ P, k ∈ K, t ∈ T (A.6)

ykti ≤
∑

v∈L

wft
vu + αft

u

i ∈ Pu, f ∈ F

u ∈ L, k ∈ Kf , t ∈ T

(A.7)
∑

u∈L

αft
u = 1 f ∈ F, t ∈ T (A.8)

αft
u +

∑

v∈L

wft
vu = αf(t+1)

u +
∑

v∈L

wft
uv u ∈ L, f ∈ F, t ∈ T (A.9)

ℓftv ≥ ℓftu + |P |wft
uv − (|P | − 1)− |P |αft

u

u ∈ L, v ∈ L\{u}

f ∈ F, t ∈ T

(A.10)
sti ≤ sti i ∈ P, t ∈ T (A.11)
∑

u∈L

zftu = ndt f ∈ F, t ∈ T (A.12)
∑

i∈P

∑

k∈Kg\K3

ykti + 2
∑

i∈P

∑

k∈Kg∩K3

ykti ≤ 2nwdt g ∈ G, t ∈ T (A.13)
γkt
i , sti, rti ≥ 0 (A.14)17
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αft
u , wft

uv , ykti ∈ {0, 1} (A.15)
xkt
i , ℓftu , zftu ∈ Z+ (A.16)The obje
tive fun
tion (A.1) 
orresponds to the minimization of the sto
k for all produ
tsthroughout the produ
tion period.Constraints (A.2) represent the inventory balan
es. At the end of ea
h period t, the di�eren
ebetween the sto
k and the ba
klog for ea
h produ
t must be equal to the 
orresponding di�eren
ein the previous period plus the produ
ed produ
t minus the demand, for this period. Constraints(A.3) ensure that the total produ
tion on ea
h furna
e and in ea
h period does not ex
eed theavailable melting 
apa
ity.Constraints (A.4) bound the produ
ed quantity of the produ
t i on ma
hine k in period t,
onsidering the e�
ien
y of ma
hine k, the produ
ing rate of produ
t i on this ma
hine and theloss of the daily produ
tion when there is a startup in a ma
hine whi
h is of 45%, in average.Constraints (A.5) for
e ma
hines fed by the same furna
e to pro
ess ea
h 
olor for the sameamount of time. Constraints (A.6) assures that if ma
hine k produ
es produ
t i in period t, thenthe number of produ
tion days, in this period, 
annot ex
eed the duration of this period.Constraints (A.7)-(A.10) establish the sequen
e of 
olors on ea
h furna
e in ea
h period andkeep tra
k of the furna
e 
on�guration state by determining the 
olor that a furna
e is ready topro
ess. Produ
tion of produ
t i with 
olor u 
an o

ur on ma
hine k in period t if that ma
hineis fed by a furna
e f that is setup for u at the beginning of t or if at least one startup is performedfor 
olor u on this furna
e. These 
onditions are assured by 
onstraints (A.7). Constraints (A.8)assure that in the beginning of ea
h period ea
h furna
e is setup for an initial 
olor. Constraints(A.9) maintain and 
arry the setup 
on�guration state of the furna
e into the next period andbalan
e the network �ow. Constraints (A.10) avoid dis
onne
ted sub-tours.Constraints (A.11) assure that the sto
k of produ
t i at the end of period t must be greateror equal to the safety sto
k of this produ
t in the 
orresponding period.Constraints (A.12) ensure that ea
h one of the furna
es is melted to some 
olor during allthe produ
tion days in ea
h period.The number of allowed startups depends on the day of the week. There 
annot be produ
t18



74th ESGI A LOTSIZING PROBLEMstartups on ma
hines during the weekends, on Fridays there 
ould be only one startup and onthe remaining days there may be two startups on di�erent ma
hines, ex
ept on spe
i�
 larges
ale ma
hines, whi
h 
orrespond to the set denoted by K3. Constraints (A.13) bound the totalof startups that o

ur during ea
h period t, a month.Finally, 
onstraints (A.14)-(A.16) represent the integrality and nonnegativity 
onstraints.A.2 Lotsizing: startupsIn this se
tion a new model with less variables is proposed. In this model the sequen
e ofprodu
ts (in the ma
hine) and the sequen
e of 
olors (in the furna
es) is not 
onsidered, onlythe number of startups is 
ounted.In order to 
ount the number of startups it is ne
essary to know the �rst and the last produ
edprodu
t in ea
h period (and the �rst and last 
olor produ
ed in ea
h furna
e). Hen
e, there isa startup at the beginning of a period if the produ
t produ
ed at the beginning of the period isdi�erent from the produ
t produ
ed at the end of the previous period.The de
ision variables are listed below
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74th ESGI A LOTSIZING PROBLEMDe
ision variables
xkti number of produ
tion days of produ
t i on ma
hine k in period t

γkti produ
tion of produ
t i on ma
hine k in period t (tonnes)
sti sto
k of produ
t i at the end of period t (tonnes)
rti ba
klog of produ
t i at the end of period t (tonnes)
akti







1 if ma
hine k is setup for produ
t i at the beginning of period t

0 otherwise
bkti







1 if ma
hine k is setup for arti
le i at the end of period t

0 otherwise
ykti







1 if ma
hine k is setup for arti
le i in period t

0 otherwise
vkti







1 if ma
hine k is startup for arti
le i in period t

0 otherwise
αft
u







1 if furna
e f is setup for 
olor u at the beginning of period t

0 otherwise
βft
u







1 if furna
e f is setup for 
olor u at the end of period t

0 otherwise
δftu







1 if furna
e f is setup for 
olor u in period t

0 otherwise
wft
u







1 if furna
e f is startup for 
olor u in period t

0 otherwise
zftu number of days that glass of 
olor u is melted in furna
e f in period t

ykti







1 if ma
hine k is setup for produ
t i in period t

0 otherwise
eu loss of produ
tion when there is a 
hangeover in a furna
e for 
olor u
onsider eu = 2. 20



74th ESGI A LOTSIZING PROBLEM
Minimize ∑

i∈P

∑

t∈T

sti (A.17)subje
t to sti − rti = s
(t−1)
i − r

(t−1)
i +

∑

k∈K

γkt
i − dti i ∈ P, t ∈ T (A.18)

∑

k∈Kf

∑

i∈P

(

γkt
i /ηk + 0.45ykti pki

)

+
∑

u∈L

efuw
ft
u ≤ cft f ∈ F, t ∈ T (A.19)

γkt
i ≤ xkt

i pki η
k − 0.45vkti pki η

k i ∈ P, t ∈ T, k ∈ K (A.20)
∑

i∈Pu

xkt
i = zftu

u ∈ L, f ∈ F

k ∈ Kf , t ∈ T

(A.21)
xkt
i ≤ ndty

kt
i i ∈ P, k ∈ K, t ∈ T (A.22)

vk1i = yk1i i ∈ P, k ∈ K (A.23)
vkti ≤ ykti i ∈ P, k ∈ K, t ∈ T, t > 1 (A.24)
vkti ≥ ykti − akti i ∈ P, k ∈ K, t ∈ T (A.25)
vkti ≥ ykti + akti − bk,t−1

i − 1 i ∈ P, k ∈ K, t ∈ T, t > 1 (A.26)
akti ≤ ykti i ∈ P, k ∈ K, t ∈ T (A.27)
bkti ≤ ykti i ∈ P, k ∈ K, t ∈ T (A.28)
akti + bkti ≤ 2ykti −

1

ndt

∑

j,j 6=i

yktj i ∈ P, k ∈ K, t ∈ T (A.29)
∑

i∈P

akti = 1 k ∈ K, t ∈ T (A.30)
∑

i∈P

bkti = 1 k ∈ K, t ∈ T (A.31)
wf1

u = δf1u u ∈ L, f ∈ F (A.32)21
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wft

u ≤ δftu u ∈ L, f ∈ F, t ∈ T, t > 1 (A.33)
wft

u ≥ δftu − αft
u u ∈ L, f ∈ F, t ∈ T (A.34)

wft
u ≥ δftu + αft

u − βf,t−1
u − 1 u ∈ L, f ∈ F, t ∈ T, t > 1 (A.35)

αft
u ≤ δftu u ∈ L, f ∈ F, t ∈ T (A.36)

βft
u ≤ δftu u ∈ L, f ∈ F, t ∈ T (A.37)

αft
u + βft

u ≤ 2δftu −
1

ndt

∑

l,l 6=u

δftl u ∈ L, f ∈ F, t ∈ T (A.38)
∑

u

αft
u = 1 f ∈ F, t ∈ T (A.39)

∑

u

βft
u = 1 f ∈ F, t ∈ T (A.40)

akti ≤ αft
u u ∈ L, i ∈ Pu, f ∈ F, k ∈ Kf , t ∈ T(A.41)

bkti ≤ βft
u u ∈ L, i ∈ Pu, f ∈ F, k ∈ Kf , t ∈ T(A.42)

ykti ≤ δftu u ∈ L, f ∈ F, i ∈ Pu, , k ∈ Kf , t ∈ T(A.43)
sti ≤ sti i ∈ P, t ∈ T (A.44)
∑

u∈L

zftu = ndt −
∑

u∈L

euw
ft
u f ∈ F, t ∈ T (A.45)

∑

i∈P

∑

k∈Kg\K3

vkti + 2
∑

i∈P

∑

k∈Kg∩K3

vkti ≤ 2nwdt g ∈ G, t ∈ T (A.46)
γkt
i , sti, rti ≥ 0 (A.47)

akti , bkti , vkti , αft
u , αft

u , wft
u , δftu , ykti ∈ {0, 1} (A.48)

xkt
i , zftu ∈ Z+ (A.49)22



74th ESGI A LOTSIZING PROBLEMThe obje
tive fun
tion (A.17) and 
onstraints (A.18), (A.19), (A.21), (A.44) and (A.46) areanalogous to (A.1), (A.2), (A.5), (A.11) and (A.13), respe
tively.In 
onstraints (A.20) it is given the produ
ed quantity of the produ
t i on ma
hine k inperiod t, 
onsidering the e�
ien
y of ma
hine k, the produ
ing rate of produ
t i on this ma
hineand the loss of the daily produ
tion when there is a 
hangeover in a ma
hine whi
h is of 45%, inaverage.Constraints (A.22) assures that if ma
hine k produ
es produ
t i in period t, then the numberof produ
tion days, in this period, 
annot ex
eed the duration of this period.Constraints (A.23)-(A.31) 
ount the number of startups for ea
h produ
t on ea
h ma
hine, inea
h period, and keep tra
k of the ma
hine 
on�guration state by determining the produ
t thata ma
hine is ready to pro
ess. Constraints (A.23) ensure that, in the �rst period, all the setups
orrespond to startups. Constraints (A.24) ensure that if, in a period t, there is a startup forprodu
t i in ma
hine k, then there is a setup for this produ
t in this ma
hine. Constraints (A.25)assure that, during period t, if there exist a setup for a produ
t i di�erent from the initial item,then there exist a startup for item i during this period. Constraints (A.26) guarantee that if thesetup for the initial item, i, in a period t is di�erent from the �nal item setup in the previousperiod, then there must be a startup for produ
t i in this period. Constraints (A.27) ensure thatif ma
hine k is setup for produ
t i at the beginning of period t, then it is setup for produ
t i inperiod t. Constraints (A.28) assure that if ma
hine k is setup for produ
t i at the end of period
t, then it is setup for produ
t i in period t. Constraints (A.29) ensure that if, in a period t,ma
hine k produ
es two di�erent produ
ts, then the initial produ
t setup and the �nal produ
tsetup must be di�erent. Constraints (A.30) and (A.31) assure that in the beginning and in theend of ea
h period ea
h ma
hine is setup for an item. Constraints (A.43) ensure that there 
anbe a setup for an item only if the furna
e is setup for the 
olor of that item. Constraints (A.32)-(A.40) are identi
al to (A.23)-(A.31) where the roles of produ
ts/ma
hine and 
olors/furna
e areinter
hanged.Constraints (A.41) assure that 
an o

ur a setup on ma
hine k for produ
t i with 
olor u inthe beginning of period t if that ma
hine is fed by a furna
e f that is setup for u at the beginningof t. Constraints (A.42) is identi
al but for the end of the period.23



74th ESGI B SCHEDULING FOR ONE FACTORYConstraints (A.45) ensure that ea
h one of the furna
es is melted to some 
olor during allthe produ
tion days in ea
h period minus the number of lost days by 
olor 
hangeovers.Finally, 
onstraints (A.47)-(A.49) represent the integrality and nonnegativity 
onstraints forthe variables.B S
heduling for One Fa
toryIn this se
tion we state the model formulation for the monthly produ
tion plan des
ribed inSe
tion 2.2. It is a short-term s
heduling problem to provide the pro
essing sequen
e of produ
tson ma
hines and the sequen
e of the 
olors on furna
es for a single fa
tory, using the day asthe time unit. Although we analyzed the produ
tion plan for a period of one month, di�erentperiods 
ould be 
onsidered.In order to formalize the short-term produ
tion planning model, for a given fa
tory, weintrodu
e the following notation.Sets
P set of produ
ts
L set of 
olors
Pu set of produ
ts with 
olor u
F set of furna
es
K set of ma
hines
Kf set of ma
hines fed by furna
e f

K3 set of large s
ale ma
hines for whi
h only one 
hangeover is admissible per day
N set of produ
tion days, N = {1, 2, . . . , nd}, where |N | = nd

WE subset of N 
orresponding to weekend days (Saturdays and Sundays)
FR subset of N 
orresponding to Fridays

24



74th ESGI B SCHEDULING FOR ONE FACTORYInput
nf
u number of produ
tion days of 
olor u on furna
e f

nk
i number of produ
tion days of produ
t i on ma
hine k

minf smallest 
olor produ
tion period on furna
e f , minf = min
u∈L

{nf
u : nf

u > 0}

mink smallest produ
t pro
essing period on ma
hine k, mink = min
i∈P

{nk
i : nk

i > 0}

αf
u











1 if u is the initial 
olor of furna
e f

0 otherwiseIndi
es
i, j produ
t, i, j ∈ P

u, v produ
t 
olor, u, v ∈ L

f furna
e, f ∈ F

k ma
hine, k ∈ K

n period, n ∈ NDe
ision variables
xknij











1 if o

urs a startup on ma
hine k from produ
t i to produ
t j at instant n
0 otherwise

yfnuv











1 if o

urs a startup on furna
e f from 
olor u to 
olor v at instant n
0 otherwise

δkn











1 if o

urs a startup on ma
hine k at instant n
0 otherwise

πn auxiliary variables that penalize additional startups at ea
h instant nUsing the above notation, a mixed integer programming problem to provide a feasible s
hedul-ing solution, if one exists, 
an be formulated as follows.25
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Minimize ∑

n∈N

πn (B.1)subje
t to ∑

v,v 6=u

y
fnf

u
uv = 1 f ∈ F, u ∈ L, αf

u = 1, nf
u < nd (B.2)

∑

u,u6=v

yfnuv =
∑

u,u6=v

n+n
f
v+n

f
u≤nd

y
f(n+nf

v)
vu f ∈ F, v ∈ L, n+ nf

v ≤ nd−minf (B.3)
∑

u

∑

v,v 6=u

y
f(nd−nf

v)
uv = 1 f ∈ F, minf < nd (B.4)

∑

n

∑

u,u6=v

yfnuv + αf
v = 1 f ∈ F, v ∈ L, nf

v > 0 (B.5)
∑

i

∑

j,j 6=i

x
knk

i

ij = 1 k ∈ K, mink < nd (B.6)
∑

i,i6=j

xkn
ij =

∑

i,i6=j

n+nk
j
+nk

i
≤nd

x
k(n+nk

j )

ji k ∈ K, j ∈ P, n+ nk
j ≤ nd−mink (B.7)

∑

i

∑

j,j 6=i

x
k(nd−nk

j )

ij = 1 k ∈ K, mink < nd (B.8)
∑

n

∑

i,i6=j

xkn
ij +

∑

i,i6=j

x
knk

j

ji = 1 k ∈ K, j ∈ P, nk
j > 0 (B.9)

xkn
ij ≤

∑

v

yfn
′

uv

j ∈ P, u ∈ L, i ∈ Pu, k ∈ Kf , f ∈ F

n, n′ ∈ N : {n ≤ n′, n− nk
i ≤ n′ − nf

u}

(B.10)
δkn ≥

∑

i∈P

∑

j∈P\{i}

xkn
ij k ∈ K, n ∈ N (B.11)

∑

k∈K

δkn ≤ πn n ∈ WE (B.12)
∑

k∈K

δkn ≤ 1 + πn n ∈ FR (B.13)
26



74th ESGI B SCHEDULING FOR ONE FACTORY
∑

k∈K\K3

δkn + 2
∑

k∈K3

δkn ≤ 2 + πn n ∈ N\(WE ∪ FR) (B.14)
xkn
ij , yfnuv , δkn ∈ {0, 1}, πn ≥ 0 (B.15)The sequen
e of 
olors on ea
h furna
e is established by (B.2)-(B.5). Constraints (B.2) assurethat in the beginning of the s
heduling period ea
h furna
e is setup for the initial 
olor, u, and itwill o

ur a startup to another 
olor after the 
orresponding pro
essing period. Constraints (B.3)are related to the �ow 
onservation 
onstraints and ensure that if a furna
e starts to produ
eglass 
olor v at instant n, after the respe
tive pro
essing period the furna
e will be startup toanother 
olor. This 
olor 
hangeover assumes that the remaining time period allows the new
olor to be full pro
essed. Constraints (B.4) assure that ea
h furna
e �nishes the produ
tionperiod (a month) with a spe
i�
 
olor. Constraints (B.5) for
e to exist only one startup for ea
hone of the 
olors to be pro
essed on ea
h furna
e.The sequen
e of tasks on ea
h ma
hine is established by (B.6)-(B.9). Constraints (B.6)assure that in the beginning of the s
heduling period ea
h ma
hine is setup to produ
e a spe
i�
produ
t and it will o

ur a startup to another produ
t after the 
orresponding produ
tion period.Constraints (B.7) are related to the �ow 
onservation 
onstraints and ensure that if a ma
hinestarts to produ
e produ
t j at instant n, after the respe
tive pro
essing period the ma
hine willstartup to another produ
t. This produ
t 
hangeover assumes that the remaining time periodallows the new produ
t to be full pro
essed. Constraints (B.8) assure that ea
h ma
hine �nishesthe produ
tion period (a month) with a spe
i�
 produ
t. Constraints (B.9) for
e to exist onlyone startup for ea
h one of the produ
ts to be pro
essed on ea
h ma
hine.Constraints (B.10) guarantee that during a produ
tion period of a given produ
t there 
annotexist 
olor 
hangeovers.Constraints (B.11) relate ma
hine startups with produ
t 
hangeovers, assuring that if o

ursa produ
t 
hangeover on a ma
hine k at an instant n, then it o

urs a startup in this ma
hineat the same instant.Variables πn are auxiliary variables that penalize additional startups at ea
h instant n. Thenumber of allowed startups depend on the day of the week. There 
annot be startups on ma-27



74th ESGI B SCHEDULING FOR ONE FACTORY
hines during the weekends, on Fridays there 
ould be only one startup and on the remainingdays there may be two startups on di�erent ma
hines, ex
ept on spe
i�
 large s
ale ma
hines,whi
h 
orrespond to the set denoted by K3. Constraints (B.12), (B.13) and (B.14) 
orrespond,respe
tively, to weekend, Fridays and to the remaining days.Constraints (B.15) represent the integrality and nonnegativity 
onstraints.The purpose of the presented model is to obtain a short-term s
heduling without additionalstartups. The obje
tive fun
tion (B.1) minimizes the sum of additional startups throughout theprodu
tion period, i.e., the sum of the variables πn. If the optimal value of this problem isdi�erent of zero, we 
on
lude that, for the input data, a feasible s
hedule does not exist.Remark: If the original 
olors on ea
h furna
e, αf
u, are not given as input parameters, then
onstraints (B.2) and (B.5) 
an be written, respe
tively, as

∑

u

∑

v,v 6=u

y
fnf

u
uv = 1 f ∈ F (B.16)

∑

n

∑

u,u6=v

yfnuv +
∑

u,u6=v

y
fnf

v
vu = 1 f ∈ F, v ∈ L, nf

v > 0. (B.17)
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